1. The study of full groups introduced by H. A. Dye [5] as well as a consideration of outer conjugacy of subgroups of the full group normalizer (see the paper by A. Connes and W. Krieger [4] and the subsequent works [1] , [2] , [3] , [8] ) forces one to deal with maps and families of transformations that behave properly only almost everywhere. This as a rule does not cause any difficulties when the transformation groups in question are nonsingular and countable. One needs only to discard a null set in order to make the action of such a group regular. However, in the case of continuous transformation groups this method of regularization is inappropriate in general.
The first step in studying the regularization of actions of continuous groups was made by G. Mackey in [10] , where the existence and uniqueness of a point realization for an action of a locally compact group G as automorphisms of a Boolean algebra were established. In order to form the point realization of a Boolean G-space, the author applies the properties of a universal G-space on which the G-action is regular. This approach got its complete basis later in works of A. Ramsay [12] , [14] . Similar problems were considered by A. M. Vershik [15] with another technique used.
The present paper contains a solution of the regularization problem for groups of non-strict automorphisms of measured equivalence relations based on results of [12] , [14] ( §2). It is shown that by means of inessential reorganization of the equivalence relation and the group 146 VALENTIN YA. GOLODETS AND SERGEY D. SINELSHCHIKOV action one can make all the automorphisms of the group action to be strict automorphisms of the equivalence relation. This allows us, in particular, to formulate in the general case the notion of semidirect product of a measure groupoid by a locally compact group of nonstrict automorphisms. A similar question arose in studying the outer conjugacy for actions of continuous groups [8, §2] , where its solution was obtained for the case of discrete equivalence relations.
A similar problem is solved in §3 for action of a measure groupoid which leaves invariant mod 0 a measured equivalence relation. Another approach to this kind of problem is described in the paper by A. L. Fedorov [6] .
2. All the necessary definitions concerning the measured equivalence relations can be found in [11] , Let (X, μ) be a Lebesgue probability space on which a nonsingular action of a locally compact separable (l.c.s.) group G by the automorphisms a(g), g e G, is given in such a way that the map (g,x) *-> a(g)x is Borel (x e X, g e G). Assume also that every automorphism a(g) leaves invariant mod 0 the measured equivalence relation (R, [v] ) on X, i.e. a(g) is a strict isomorphism of some inessential reductions (i.r.) of R.
It follows from [7, Theorem 6.4] that R is generated mod 0 by an action of a l.c.s. group H on X by the automorphisms β{h), h eH.
For every g e G consider the //-action β g on X by the automor-
Denote also by Rβ(g) the associated Borel equivalence relation on X\ in particular, Rβ(e) = R. Clearly, every β g {h) is an (a.e.) inner automorphism of Rβ(e).
Recall that the family B(g), g € G, of subsets of X is called a Borel field of sets if the set {(JC, g): x e B(g)} is Borel in X x G. LEMMA 
This is a Borel field of sets because the set
is clearly Borel. It is straightforward to check the following relations: 
There is a Borel field of sets U(g) c X, g G G, such that (b) U(g) is invariant with respect to a(g) n , n e Z; (c) a(g)R β {e)\ u{g) = R β (e)\ u{g) .
Proof. It follows from Lemma 2.1 that β g {h) is an inner automorphism of R{g) for all h G H; hence every
is conull in H x X. Now we apply as above Fubini's theorem in order to deduce that for every g G G the set
One can readily deduce from the strict invariance of R(g) with respect to the //-action β g that every E$ is a subgroup in H, and so El = H when x e 3f{g). This means, in particular, that
, and then U(g) = Π/iez^^)"^^^)-^ is straightforward to check that C/(g) form a Borel field of sets and satisfy the conditions (a)-(b) of the lemma.
To prove that (c) also holds, let x, y e U(g) and (x,y) € Rβ(e), that is, y = β e (h)x for some h € H. Then
a(g)y e 3f(g). Note that one also has a(g)x, a(g)y e B(g), and hence (a(g)x, a(g)y)
e Rβ(e) (see Lemma 2.1). Conversely, let x, y e U(g) 9 but (x,y) φ Rβ(e) We claim that
, then we argue as in the preceding paragraph with g being replaced by g" 1 , and get (x, y) G Rβ{e). This is a contradiction with our assumption. THEOREM 
There exist a Borel equivalence relation R a on X and a conull Borel set B c X such that R a is strictly invariant with respect to the G-action a, and R a \β = Rβ{e)\β-
Proof is essentially the same as that of Lemma 2.1. We shall sketch only the main stages. The Borel field of strictness domains U(g) of the G-action a automorphisms constructed above is used to form the μ G x μ-conull Borel set A = {(g, x) e G x X: x e U(g)} with μ G being the Haar measure of G. An application of Fubini's theorem permits one to choose a conull Borel subset B of X consisting of those points x for which M x = {g e G: x E U(g)} is a conull subset of G. Now form the family of sets
which possesses the following properties:
Finally, form an equivalence relation
which satisfies all the necessary conditions.
3. We shall state here the main definitions concerning the actions of groupoids on Lebesgue spaces (see also [6] , [12] , [13] , [14] ). (hg,x) = a(h,a(g,x) ).
In the case when 9 is a Borel groupoid, and X a Borel space, the action (/?, a) is said to be Borel if p and a are Borel maps.
In the sequel we shall delete the action symbol a and write merely gx instead of a(g,x) .
Let (^, [λ]) be a groupoid, and let the probability measure λ on < § have the decomposition λ = J λ u dλ(u) with respect to d. Consider also a Lebesgue probability space (X, μ) where μ has the decomposition μ = J μ u dμ(u) with respect to the Borel surjection p: X There is certainly some ambiguity in the choice of the family of strictness domains U(g). LEMMA 
Let an action {p,a) of the groupoid (&,[λ]) on (X,μ) which leaves invariant mod 0 the equivalence relation (R, [u]) be given, then there exists a Borel field U(g) of strictness domains.

Proof. Replace if necessary 9 by its i.r. &\ P (A)
an d X respectively by its conull subspace A in order to get the inclusion R c % to be satisfied strictly, not only mod 0.
Consider 
Ωo = {((g,x),(h,y)):g = h, (x,y)eR).
Then [v] ) admits a point realization (see also [6] ).
Proof. Apply the same argument as in the proofs of Theorem 3.3 and Lemma 3.2 of [12] and the construction of a universal ^-space in order to get the Borel map g: & x X -+ X which has the property g{h\h2,x) = g{h\, g(h2,x)) for {hxMi) €&^ and such that the automorphism g(h, -) of (X, μ) represents the class a(h) in Aut(i?), Aef.
Consider the action {p, a) of 9 on gK°) x X with p: being the projection, p{u,x) = u, and the map a: & * 3?(°) x X being given by a{h f d{h),
x) = (r(h),g(h,x)).
Clearly, the action (p, a) leaves invariant mod 0 the equivalence relation
{((u,x),(v,.
Apply now Theorem 3.6 and obtain the desired statement.
